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ABNTRAOT

The impedance characteristics of a oapaoitive ionos-

pheric rocket probe have been determined as a function of

the eleotron, density, collision frequency, and temperature.

The physioal model used in developing the theory incorporated

both effects of the ion sheath which forms about the rocket

body and the anisotropic nature of the surrounding magneto-

ionic medium. Results are obtained and numerically evaluated

to show that the sheath makes a very significant contribution

to the impedance characteristics.



1. INTRODUCTION

The general characteristics of the ionospheric

electron density profile below 120 km have been determined

by several methods using instruments carried by rockets.

These methods are of great interest since ground based

radio techniques have not lead to reliable determinations

of the electron density profile below 120 km. In 1950

some data were obtained, between 30 and 80 km, by the use

of rocket borne Gerdien capacitors at White Sands, New

Mexico, giving one of the first estimates of the conduc-

tivity of this region. Bourdeau, Whipple, and Clark (1959)

analysed the Gerdien capacitor data based on the assumptions

that cosmic radiation is the principle source of ionisation

at lower altitudes, and that the contribution of free

electrons to the negative conductivity is negligible below

80 km. The results appearod to indicate that the effect

of the shock front surrounding the rocket on the conduc-

tivity was not significant.

Since about 1957, a great deal of work has been

done towards developing a reliable rocket probe applicable

to the lower portions of the ionosphere. Some of the more

popular methods are radio frequency impedance probes for

measuring the electron density, Langmuir probes for electron

temperature, electron density, or ion density, Gerdien

capacitors as mentioned above, and combinations of these

and other methods employed simultaneously to utilise the
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best features of each*

The RY probe technique for the determination

of ionospheric parameters uses the impedance character-

istics of a probe immersed in a plasma. In flights of

RF probes discussed by Jackson and Picker (1957)9 the

ionosphere was observed to have an effect on the impedance

of a rocket borne antenna operated at high frequencies.

This effect was later used as the basis of an electron

density probe by Kane, Jackson, and Whale (1962). They

obtained an electron density profile which agrees in form

with the profile reduced from ionosonde data above 120 kn.

In this paper an attempt was made to account for the sheath

effects by considering the sheath to be an empirically

determined cylindrical capacitor which was assumed to be

concentric with the antenna. The anisotropy of the iono-

sphere was also considered. However Kane, Jackson, and

Whale's analysis is only applicable where the collision

frequency is low compared to the collision frequency in

the 50 to 120 km region.

An analysis of a rocket probe experiment, which

seems more suitable for the 50 to 120 km region of the

ionosphere, was made by R. F. Hlodnosky and 0. K. Oarriott

(1962). In this experiment a small low frequency RF

voltage was impressed upon a capacitor built into the nose

of a rocket. When the rocket passed through the ionosphere,

the impedance of the capacitor changed in response to the



changes in the electron densityg collision frequency, and

temperature. The frequency of the voltage was high enough

so that the ions present were unable to follow the voltage

changes$ and far enough below the plasma frequency so that

the electron motion was in phase with the applied voltage.

Their analysis assumed that the oapaciti-ve coupling be-

tween the sheath and the rocket would be the dominant

factor in determining the impedance characteristics of

the probe. The presentation given by Mlodnosky and Garriott

demonstrated the feasibility of this type of rocket probe*

The Langmuir probe technriq-ae (Langmuir, 1931)

is based upon the Boltzmann equation for ionized gases.

When an electrode is placed in a plasma, such as the iono-

sphere, and the current to it is measured as a function

of the potential applied to the electrode, the resulting

current-voltage curves permit the evaluation of the

electron temperature and density* Rocket flights using a

Langmuir probe have been employed a great deal since 1949e

Some of the people engaged .in the early Langmuir probe

measurements were G. Hok (1951)9 1. 0. Johnson (1950),

and Jo Co Seddon (1953). However it was not until recently

that the theory of such probes as applied to the ionosphere

has begun to be developed. A paper by L. 0. Smith (1961)

discusses the qualitative features of this theory quite

thoroughly. He points out that the method is limited by

the sweep rate of the programmed potential, and that the
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theory fails to 41oount for the earth's magnetic fietA or

for the ion sheath that forms about the robkete A similar

experiment, dieoebeed by Hoegy and Brace (1961), using a

dumbbell shaped probe, accounted for the sheath and the

magnetic field ih the theory. However, here too the results

are good only abbve 120 km, and even in this region there

remain some large discrepancies in the measured temperature

to be explained& The Langmuir probe theory, while well

developed for laboratory measurements, is still far from

being a well developed theory when applied to the iono-

sphere. In patticular, the Langmuir probe analysis does

not apply to the lower altitudes.

2. THE GENERAL STATEMENT OF THE PROBLEM

A rocket probe flight similar to the one described

by Mlodnosky and Oarriott is planned for the near future by

the Ionosphere Research Laboratory of the Pennsylvania

State University. The main purpose of this experiment will

be to measure the electron density as a function of altitude

between 50 and 120 km. A low frequency RF probe was se-

lected because of its ability to single out electrons while

rejecting ion and dust particles on the basis of their

respective masses. Therefore, it is desirable that a

theoretical investigation of the probe be conducted to

aid in the interpretation of the experimental data.

The specific problem to be considered will be



the investigation of the contributions to the impedmnce

oharaoteristios of a low frequency R? capacitor probe

immersed in the ionosphere as a function of altitude# and

to find'the relationship between the measured probe in-

pedance and the electron density*
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3. QUALITATIVE FEATURES OF THE THEORETICAL MODEL

The capacitor probe is built into the conical

nose of a rocket by splitting the cone into two sections

separated by a dielectric slab. This split cone is con-

nected by a wire to each of its two metallic portions to

a source of low frequency RF voltage. Unfortunately, the

conical geometry is extremely difficult to analyse so that

a similarly split cylinder was considered instead; Fig.l. 1,ir

substitution of a cylinder for a cone will be shown to

have little effect on the results. From the application

of a low frequency RF voltage to the capacitor, we wish

to determine its complex impedance in a slowly changing,

inhonogeneous, conducting, and anisotropic modium.

Finally, the electron density will be related to the

measured impedance.

..If an undisturbed body is placed in a neutral

plasma composed of negative electrons ana positive ions,

such as the ionosphere, then both ions and electrons will

contribute to a current from the plasma to the body. In

the ionosphere the electron mean thermal velocity is

always much greater than the corresponding ion velocity.

This results in a net accumulation of negative charge on

the body. The accumulating negative charge reduces the

electron flow until the electron and ion currents are

equal. This constitutes the equilibrium condition. Thus,
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a region of space will surround the body which has a do-

fioiency of electrons relative to a neutral plasma. Such

a region is known as an ion sheath as it contains a not

positive charge attributable to the positive ions. The

thickness of the sheath depends on the electron and ion

temperatures and concentrations as veil as on the velocity

of the body through the ionosphere.

Since the definition of capacitance is based on

the ratio of the charge stored within the capacitor to

the voltage impressed upon it, the region between the edge

of the body and the edge of the sheath clearly makes a

contribution to the capacitance of the body. This capaci-

tance will change as the parameters describing the iono-

sphere change. Another contribution to the capacitance#

in the case of the split cylinder, is the capacitance

between the two halves separated by a dielectric insulator*

Here again the characteristics of the medium surrounding

the capacitor are intimately connected with the value of

the measured capacitance. The combined contributions of

these effects will yield the impedance and capacitance

as a function of the electron density, temperature, and

collision frequency.



4* THEORETICAL CONSIDERATIONS AND DISCUSSION

The theoretical discussion will be divided into

several distinct steps. First, an estimate of the sheath

thickness will be obtained on the basis of a simple model.

From this estimated thickness and a consideration of the

velocity distribution of the ions and electrons in the

ionosphere, the currents to the split cylinder will be

obtained. These currents will in turn permit a compu-

tation of the capacitance and the conductivity associated

with the sheath. Second, a computation of the capacitance

and the conductivity associated with the oscillation of

the electronic charge between the two halves of the

cylindrical capacitor will be made. This computation

will take into account the effects of the anisotropic

nature of the ionosphere based on A tensor description.

An es.'mate of the sheath thickness may be made

from a model based on the work of Hoegy and Brace (1961)

and Jastrow and Pearse (1957)o Assume we have a cylinder

immersed in a plasma about which an ion sheath has formed.

At a distance ro from the center of the cylinder the not

charge density is assumed to fall to zero. In the actual

case the net charge density falls to zero smoothly but

rapidly as the distance from the center increases.

However, it will be assumed that a sharp boundary exists

for the purposes of the calculation. The positive charge



contained within the sheath exaotly oanools the negative

charge q on the cylinder. Then, itf VY is the potential

on the cylinder, it will be related to the charge q by

aS ( R3V) No

with the boundary conditions

V - 0 when R 2! r0 ,

V m V when R - r.

Then toe expressi4n for the potential inside the shea•h

is given by

V - R2  + B In R + 0 (2)

where

B - Iror ,, ( r° 2 " r 2 ) V V

C N oe ro 2  -B In r

2 r)

The charge q is given byq - a h N e ( ro -02 r

and

h a the height of the cylinder in motors,

I a the quantity of charge per cubic motor,



re - the sheath radius in meters,

r a the cylinder radius in meters,

0 a 1.60206 x 10-19 coulombs,

V = the potential in volts,

Vo a the potential at the cylinder surface,

The preceding calculation can be used to estimate part

of the capacitance and conductance G ( in amperes per

volt ) of the cylindrical cpacitor in the ionosphere

( Klodnosky and Oarriott, 1962 ). As long as the plasma

frequency is greater than the oscillator frequency, the

application of a small sinusoidal voltage will cause a

current to flow in phase with the applied voltage. Then

we may write

Al

where AI and AV are measured internally at the generator,

The value dV = AV/2 is measured across the sheath so that

7 9 0

The amount of charge variation arising from changes in

the sheath dimension with the applied voltage gives rise

to a component of current in phase quadrature with the

applied voltage. This current accounts for a capacitive

reactive part of the admittance 0, and is given by
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or more usefully,

Similarly for 0,

o - 1/2 ( I v (v

In order to use equations (3) and (4) it will be neeossary

to enter into a calculation of the currents which flow

from the ionosphere to the cylinder. The computation of

the Lon ad eleotron currents will be carried out sopao

rately.

It will be as•umed that outside of the sheath

the presence of the cylinder is not felt in the iono-

sphoro.

4ol ION CURRENTS

Since the rocket velocity will normally be much

greater than the ion thermal velocity, the main contri-

bution to the ion current will result from the interception

of the ions by the speeding rocket. In addition, the ion

mass is so large that the ions are unable to respond to

the voltage changes on the order of 100 koo This means



that the ion ourrent from the ionosphere to the rocket

is virtually independent of the rocket's potential with

respoct to th. ionosphere.
.4

Assume that all the Ion@ whioh intorcopt the

sheath boundary are collected at the oylindrioal conducting

surface* If a surface element d3 is moving with a volocitr

ux along the x axis, and the following quantities are

defined,

n a the unit normal vector to dS,

k - Boltzmann's constant (1.38 • lO0 2 3 joules/lO),

v - the particle velocity in meters per second,

T - the temperature in degrees Kelvin,

a a the particle mass In kilogram,

j a the current density in amperes/square aeter,

u a the rocket velocity in motors per second,

then the number of particles per unit volume with veloci-

ties between v and v * dv is

dl a N eZ(- 2  A d2 .; (5)

aI - V2 k T  and

v2 v2 + 2  2
T t o

The subscript 1 will denote the ions and 2 the electrons.
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Figure 2

The current density jx is then

ix efa ( vx ux ) dN . (6)

The limits of integration are given by

0 v vx U x.

The following standard integrals will be used*

f~umiv a (ta2, 2,a
e" dv •• '*

Za2zz

.- A . - u I. off u a) , (T0)

where

offu U I-Id



Uusng the definition for a, * we have

x NoI. [ .. I + of .)

2Zj
- 2' =2xJ (8a)

Iquation (8a) is readily goneralised, Since n in the

unit normal to dS, lot u make an angle P with n aad write

j . No [V a u.n ( . * erf a u.n

1 ] (8b)

lteforling to Figure 3*

u.n - u(,.i)oo . u(u.I)ein* .

where the quantities u, 1. .a, and k are unit vectors*

Integrating j over the cylindrical surface 3

yields the total current through that surface. To this

we must add the current j intercepted by the effective

cross sectional area in order to obtain the total ion

current to the cylinder. The total ion current I is

-f J M i r 2 jo (9a)5e0
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h 2a

r z os [ V1%AU con 0 (1 + erf Au coso)

+ -A 2U 00 co J d# di * r f[ Bu. asin 0

0 0

(1 + orfs u sin*) + "B2 u 2 sin 2 ] do d

it r 2 K [' a u cos e (U + ert a u co. 0)

-a 2 cos2, (9b)

where

S2a 1

Au a.(u.t)__

B a Ia.,)

Since the rocket velocity is very much greater than the

mean ion thermal velocity, the cylinder radius is used

to estimate the effective cross section rather than the

sheath radius. When the sheath radius is very much larger

than the rocket radius, the forces within the sheath are

far too small to deflect the ions toward the cylinder.
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t oe now neoeusary to oonpute several integrals*

2s

S2 Au con o erf(MA coso 01 de

2%

13 1 ezp(.A2u2coo 2) 0d .

2%

1~ f usin #dt
0

15 IBIu sin# *rf(Bu sin *) d ,

16 - zep(-B u sin #) .

It Is apparent that I1 * Ia * 0 I3 and 16 may be

evaluated by using

'jn' ... 1s2)n cis oo %in2non dt
4; F. •1/2)

(from Tables of Functions by Jahnke and Nade, 1938), where

t7n (s) is a Bessel function. This gives

13 w 2% exp(-A 2 u2/2) Jo(i A2u2 /2) (10)



I6 - 2a exp( - 2D 2 /2) o(u 2/ 2 u2 ) ..- (D2)
6 0

Integrating by parts and using a variation of the above

form of the Bessel function,

(s) . Ox(;nx/2) /is coo 0 coo n* d ,

1"2 and 1I are found to be

12 a 2r A 2u2 0-A 2 u 2/2 [JTo(: A 2 u2 /2)

-i JI(i A2u2/2) D (12)

15 a- 2 2 -- 2u 2-/2 o. 0 2 u2/2)

+* JI(-i2u2/2)] (13)

Nov I - j dS + xr j is the total ion current

intercepted by the sheath and presumed collected by the

cylinder within. Thus,

I " K h re (12 + + 13 1 16]

Si r 2. , (14)

or in detail,
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I - h. r 1 2I%2 a2u2£A2u 2/2 [J- oUi A2u2/2)

"-* J1 (1 A2u2/22)]

+ 21 B2u2e"B2u2/2 [JJo(- B2u2/2)

+1 J 1 (- B32 u2/2)]

(15)

+2w [e"A 2 u2 /2 Jo(i A 2u2/2)

"+."B 2 u2/2 Jo0 (-1 B 2u 2/2)l

*Kur 2 f• aru coo. (1+erlf(au 003 c ))

-a 2 u2 Gas21.

When the arguments for the Bessel functions are large and

where u.i is taken to be sero, equation (15) becomes

I - 2rW rK h [2alu coo + au1 (16)

Sr 2 Jo
0rJ



2L

Unfortunately, under ordinary'oonditions the asymptotic

approzimation to the Bessel function may not be made*

4.2 ULUCTRON OURRNT

The electrons must be considered from another

viewpoint. Here both the small mass of the electron and

the high mean thermal velocity relative to the rocket sug-

gesta that the particle trajectories be examined. From

the time an electron enters a region under the rocket's

influence to the time when it is either collected or again

outside of the region of influence, the rocket may be con-

sidered stationary.

In examining the electron particle trajectories

within the sheath, we are primarily Interested in finding

the limiting values of the velocity that will permit the

electrons to strike the cylinder surface B. The rocket

flight may be roughly broken into two parts. First, a

region corresponding to the lower altitudes where the

electrons will undergo many collisions before striking the

cylinder, and second, where the electrons will be able to

traverse the distance between the sheath and the rocket

without collisions. In the lower region the contribution

of the electron current to the impedance will be over-

shadowed by the contribution arising from the interelec-

trode capacitance. Therefore, collisions within the sheath

will be neglected for the computation of the electron
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eusrest during the entire flight*

Oivon a cylinder of radius r surrounded by a

sheath of radius rto let us assume that an electron inter-

eopts the sheath edge# at A in Figure 4p and attempt to

calculate the limiting conditions on its velocity go that

It will barely grass the cylinder. Lot the volocity be

decomposed into a component tangential to the sheath v#0

a component in the radial direction vr. and a component in

the axial direction v. The field between A and B is

assumed to be conservative and repulsive with respect to

eleotrons. As stated above, no collisions are assumed to

occur while the electrons traverse the path between A and B,

Under these oonditions# the minimum value the

radial eomponent Vy may have Is

v1 r (.-2eV 0 /m2 l/

Conservation pf energy and angular momentum requires that

1 2 + 2 # )*2) a v2  *v2  2
7m2 (To *r *v 2 2 *vl rl.+V) V

1 2 r0 vO 0 31 2 r v,•

yr1 and v.1 are the values of the radial and tfngential

components of the velocity at B, SinOO vT1 a 0 at B.
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,2 +,0oVr a, S2

maz r/).

where R2 - the electron mass in kg (9.11 x 1031 kg).

The electron current may now be calculated by

assuming a Eaxzellian distribution of velocities.

Defining a2 = (m2 /2kT)l/2 , the electron current I is

a 2 -2 2 ( .2+2
1-2arohle 2 r r 2rr dvrdv dv

where the limits of integration are found from

qmy *- (aeVo/a2)1/2- vr-, *

* 2+ eT* /a0! v ÷ or oli.2

2
"(ro/r) -l

The sero limit on ve arises from the fact that this con-

ponent of velocity is to be taken as positive regardless

of the direction it may assuge.

Define L - 2xr hNe a3/a3/2, and consider the

following integrals:

fdv o- 2 ,2 . .
a
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Of dvo 2 ~2 erf (a 2 v 0 )

Therefore.9

d2 2 2 2 . !G2eVxL_•. 2 rT r a rr
S =• d r v r oa 2 -7ro/r)0212a.e2f 

2 )1/2

After a change of variables we need only consider the

integral

17 - j's eD 2 2 erf (as) do, D - a Vro/r) )-1.

7 0f

Integrating by parts and noting that (D2  & a 2 ) is alvays

greater than zero give.

L(rt /r 21) Vo
1 0 eT• 8 2 22 ( 1/2•

Ba 2 D(a + D)

or
• V0

Nearh (17)

L4a



4*3 Tn COMPLEX IzPEDanCE COMPONENTS

We have now calculated the expressions for both

the electron and ion currents* It must be emphasised that

the above analysis applies only when the voltage changes

are slow enough so that the electrons fully respond in

phase with the voltage. The sheath radius and the po-

tential on the rocket may now be obtained.when the rocket

is at equilibrium with the ionosphere.

The condition of electrical equilibrium demands

that I w i. Using this condition and solving for the

potential V yields

0 0 eal

Since the derivative of equation (2) is equal to

-q/2hrS0 h. another expression for V0 is

2

N . r 2 2 r 1) (lSb)

The elimination of V between these two equations results0

in a transcendental equation which determines the sheath

radius r o. This equation is
2 2

kT (Nearb) Ner 2  r r°
r r r* 1
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Graphical solution of equation (19) on a digital computer

permits the use of equations (3) and (W to obtain the

expressions for the capacitance and conductance arising

from the ion and electron currents and the sheath fluctu-

ationso These are

at h

ln(r 0 /r) 
(20)

lFkT I - .r2 j
No r2 _,2r 2 / (21)

The computation of equations (20) and (21)

will be combined with the results of the next section to

give the total impedance characteristics of the rocket

capacitor probe#

4.4 THE APPLICATION OF MAGNETOIONIC THEORY

The second part of the problem is the calculation

of the contribution to the capacitance and the conductance

from the electrons oscillating between the two halves of

the split cylinder. The approach will be based upon a

development of the Appleton-Hartree equations taking into

account both the magnetic field of the earth and collisions

with neutral particles. The collisions will be expressed

through a quantity known as the collision frequency, that

is, the effective number of collisions per second.
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Consider an electron under the influence of an

oscillating electromagnetic field and the earthlsnmagnetic

field* The collisions which result from the oscillating

notion cause a dissipation of electromagnetic energy in

the form of heat and work* It may be shown, Budden (1961),

that the forces from the oscillations of the magnetic

field are negligible compared to the electric field forces.

The peak voltage used will be quite small, so that very

little heating due to the applied field will result. This

restriction avoids considerations of power loss due to

so called acoustic waves, as discussed by Kane, Jackson,

and Whale (1962).

first a tensor description of the Ionospheric

medium will be developed and applied by use of Poynting's

theorem to calculate the power dissipated in the mediua

Second, an alternate method will be employed, which will

turn out to be quite superior to the use of Poynting's

theorem. However, it will be shown that both descriptions

agree on a qualitative basis. Finally, the various contri-

butions to the capacitance and conductance will be combined

in an equivalent circuit which represents the actual

rocket probe electrically. The Poynting vector treat-

ment will be seen to be very sensitive to the method of

computing the electric field surrounding the rocket and

to the geometry used. The second method, based directly

on the definition of capacitance, is easily applicable
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to any body having cylindrical symmetry.

The differential equation describing the motion

of an eleotron in an anisotropic medium with collisions

is

d 2 r dr dr(2

dt

where

a = the mass of an electron in kg

q - the charge of an electron in coulombs

I a the electric field in volts per motor

40 permeability of free space in henry's/meter

2 a the earth'sh &ageti. field in anpore-t oas

per moter

v a the collision frequency of electrons with

neutrals

o w the angular frequency of the oscillator

X's the electric susceptibility

P a the polarization

a a the tensor polarisability

N a the electron density per cubic motor

The following basic equations will be used.

P -3, (23a)
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9

@ 0 %X' , (23b)

I a 3o*ist P (23.)

P a Po*i•t , (23d)

P - Ner . (230)

where r is the displacement of an electron from some

reference point designated at time t - 0. Equation (22)

in component form becomes

O a a." . ILoON= j +&PONIi + mui

oy - y 0 oOxl a oOs•

OR'S a -o eHOi + goeH~x + mvs

By using (23d) and (23.), and the following definitions,

the above may be reduced to matrix form,

P. Ro_. . (24a)

X Noe2x 2 •(24b)

Z iV
(24.
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YxY
3. inl* 'I

Ys I+iz Ixt [P

Therefore# by using (23a) and U I 1 - iZ, the inverse of

the tensor polarizability is

- U i i u

" is U -1 7 .

Inverting this matrix yields the tensor polarisability a

"U'-•x "i5' "17 7OIT 15T

22
Ox 2Um! 2I Y

-iU(7- Y7: iUTx-Y YT U2 . T2

When H is along the s axis a becomes#
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o w

0 0 (iz • 2

Using the faot that 6 so * we have

go -- -W 0
0 -U z y Uz

i TaX + x 0

0 0 xm

Define the following quantitiess

U',T • 0 2• z

p o

Thereforeo



3?

K1( - iz) (25a)
T " To (I -z)z

go (25b)

1H "-•0(25o)
•z (1 - t

Thuss we have

"KT -i KH 0

I - H I T 0 (26)

0 0 Kp

The matrix form of s in the equation above will

be assumed to be a good description of the ionosphere's

electrical behavior in the region below 150 km. In other

words, we are assuming an anisotropic, inhomogeneous,

and dissipative medium that is slightly perturbed by an

electronagnetic disturbance. From this we will attempt

to compute the energy dissipated when a capacitoris

immersed in the medium.

Starting with Maxwell's equations and the follow-

ing definitions,

cDcurl H - - (27)
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O~u'l +&Sa (28)

Ds aj3 (299)

S (29b)

ai I a 0 (290)

we can obtain an expression for the effective value of s.

Assuming that all quantities have the tine dependence

Gist, we can write for equation (27.)

curl I 1 h J) o

In component form, by using (28a) and (28b), (27)

becomes

1(curl H) + )~

ij - 1,2,3.

Define Defftetive as
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eDffective)j (j i *~j)gj fissi 0 (30)

then

curl H - aeffective (31)

, .may now be associated with the matrix

defined in equation (26). This association will enable

the Poynting theorem to be applied to the field quantities.

If we have a surface S in space containing a volume V,

then the net energy W passing out through the surface

can be computed.

V fdiv(S z I) dV
V

or

W*= [(E+ E*) -a(D + *

+ (H + H*).a (B + B*] dV

where I* is the complex conjugate of g. A time average

over one cycle is

" s- • a a*•a' + * . H* ovd
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If there are no magnetic losses, that is g *i • qJS then

WaT becomes

Ef* -miffZ*) dV (32)Wav Zi ii i i j

V

Equation (32) gives the rate of heat generation in a

* given volume of the medium due to electromagnetic sources*

The quantities 3i are Just the amplitudes of the electric

field because of the time averaging. Performing the

operations indicated in equation (32) we have

12 +! IZI2co82(3.OH(1- Kav -fJ[E 12(KT - T) ÷ + K; •T 'T- )

+ i(K1 - K*)(3* 31 - Z*2) dV ,(33)

where (ZH) represents the angle between 3 and H. and

1312 Izl 2  12 12,l
ZI Ii 12 2 s

K* 1( 21lZ(Z2 T21+ 1)T T ( ,r z +÷ Z Z". 1 ) 2 + 4• Z

K* r 2iZZ
P 1-
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. (72+ Z2. 2.)2,6 Z2"

Thaus Way is a real quantity and it is greater than zero*

Assume that the inhomogeniety of the medium is such that

1T' KEp and K. vary slowly over the region strongly

influenoed by the capacitor. In the ionosphere, with

a capacitor whose largest linear dimension is on the

order of one meter, the assumption is excellent.

v (34)

*/[IE2cos2(3,,H) dV + - (KH- K•)(EEI - dV

The integrals that are contained in equation (33)

reflect the influence of the geometry. Unfortunately,

for many practical geometries closed form integration

is impossible. This is certainly true for the conical

rocket capacitor.

4.5 TWO DIMENSIONAL APPROXIMATION TO THE ELECTRIC FIELD

The amount of work necessary to obtain an

accurate numerical integration of Laplace's equation for

the split cylinder is too much in three dimensions.

A reasonable approximation to the fields may be had by

treating the corresponding two dimensional problem. It

is well known that only a few two dimensional electro-
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statieo preblems may be rotated to yield a three dieonsional

selutlea to Laplace's equation, but even so the qualitative

features of the field will be retained.

The fringing field produced by the cylindrical

capacitor is of primary interestp because it Is only

this field which contributes to the heat dissipation

in the surrounding sodium* The field surrounding the

cylinder, in the quasistatic case, may be found from

V2V - 0 , (35)

Zquation (35) may be solved using the general

Sokhars transformation* This transformation is governed

by the differential equation#

ds I (b- I sj)/e

s " -. P- (S2 w a )

n = one less than the number of vertices in

the polygon forming the boundary.

C a a constant, possibly complex, which specifies

the orientation of the polygon with respect

to a set of axos in the s1 plane,

ai =the location of the i th vertex in the

2 plane.



b1 - the interior vertex angle measured in a

counterolookwise sense.

The boundaries in the u plane are first trans-

formed into the u axis of the t plane, and then to the

w plane where the stream function s and the potential

function V form a rectangular coordinate system. The

Schwarz transformation for this case is

du*

Integrating, we obtain

.i" (4r=- tan'1yT7- * o, (36)

where Of may be set to zere.

Aseume that we are in the region where t-O,

then t - 1- 0. Set T - in, where a is positives

then

tanl�-�• 1n 1 + m

l-nm
! -

When z - iA, m 1 and

o " 2iA
R
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Then equation (36) becomes

S al S ( "(37)

Iquation (.37) maps the upper half of the s plane into

the upper half of the t plans, and places the point B

at t - 1.

In order to map the t plane into the v plane,

the transformation is easily seen to be

t-a e'i't/Vo . (38)

to verify the tranof ormationm let 4 Jul* Tben

Vo lnjmn a -iii * u+ ,

V
a in I. min

When t - -lml , then

V ln(-1mI) - -isnV - ues

V -- V

(..
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V

It

Therefore, the boundaries are mapped as required. The

first transformation may be similarly verified. The

potential V ranges from -V to 0, and the stream function
0

a from - o to + co

For the transformation to be useful, we combine

the two equations (37) and (38) and write the total

transformation in real and imaginary parts.

a x + ! ) i-( aM b + (39)

where the quantities r. t, blo a&, g, and 4 are related

to V and s by the following set of definitions:

1

a1  [C0 1)2+ f J;(cox&ltan-l-Lq) f (4~0a)

1

b R[e 1)2, f 2] ) (sin(tan f1 )) (4o0)

e- exp( cos( o (4oc)
0 V0

f -exp(n s sin(u • ), (o0d)
V 0

r in 4 (l +b) 2 , +2 (40e)



g a tan 1  a (4Of)

aR %(1 -b)Z ÷ a2 (4og)

d a tan"1  a (4Oh)

Values of V and a are now inserted into the

above set of equations. Connecting points of equal VS

and similarly for equal s, constitutes a two dimensional

mapping of the potential and the stream functions. The

electric field vector is everywhere tangent to the stream

function* The components of the electric field may be

calculated from the total Schwars transformation.

S-2 It - l)'- tan 1 (e 1)"]

dw
zx - MRe (-- )

and

3. dw

Ty a Im (e .d

dw
Taking the derivative T- is lengthy, but easy. The final

result is



dv v/2A
r =0 ,012

Therefore,

Vo 0 (041)Zx - 1 . 2• o + (41)

Vo F

T" + P' , (42)

where

j;( 0  ( T P. a a~

a"m si 2V1l
o--, lr Vo--. 7 o)(0.,vv

7 - sin it' V. oop - cols a . , si

RI [*08 (R V)e (a g) + B*n2 (R V1

p nI V-I

Los (I [ )exp(n f )j

Equations (141) and (42) determine the quantity Iet 2 in
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equation (33).

T40 angle between the electric and magnetic fields

must now be calculated at each point in space. A co-

ordinate system with one axis tangent to the earth at the

point of the rocket launching and another perpendicular to

the earth makes a convenient reference system. Noasuring

all angles from the horisontal axis yields

(M,H) - + L - tan" 1 ( Z3/ 3x) -H'.
y

HI - the angle that the magnetic field makes

with the horizontal in radians.

L - the launch angle in radians

It is now possible to perform the Integration in

equation (33) numerically. However, one further simpli-

fication is in order. Suppose there exists a conformal

mapping, such as a Schwars transformation, between the a

plane and the w plane.

Consider the integral

ff cos2 (3,H) dV des

and

dV a a dx + 8. dy#



whe*r s o z * 17 snd v - V 4 ii.

squaring and addling$

(dy)2 + (ds)2  [cOW + (aY)2] [cdx)2 *(dy)2]

where the Oauchy Ioimann equations,

aV ab

and

av an

have boon used* Therefore#

Sd!)2  + (d @)2  . p,12 [I dz)2 * (d y) ] •

This determine. the differential element in the transformed

plane. Thus# dV do becomes B312 dz dy, and

f oo 2(BOXi) dV do-/fgI2 oou 2 (3,H) dx dy o (43)
ff



Sinoe the Mapping is conformal, (lox) transforms unchanged.

Nquation (43) reduces the difficulty of per-

forming the integration* The limits of integration are

now more difficult to determine in the untransforned spa.e,

The object is to select a region of space sufficiently

large so that almost all of the power is dissipated within

the chosen volume* If the limits are selected in the

transformed space, and then carried over to the untrans-

formed space, an appropriate boundary may be determined.

The most convenient boundary lies along one of the lines

of constant stream function.

The integration and computation was performed

on an 1*3*. ?O77 eomputer. te r"salte of this seo-

putation are displayed in the next section. An interesting

feature of the computation was that the last term of

equation (33) turned out to be quite small compared with

the rest of the terms. This term can be rearranged to

resemble a polarisation term in the magnetoionic theory

by some algebraic manipulation. Essentially, it is a

measure of the anisotropy of the polarizability of the

medium* Thus, for the region below l1O km this anisotropy

is a negligbly small effect. This result is just what

is expected on the basis of qualitative argument.

When the magnetic field H and the electric field

3 are specified, equation (33) can be written

(
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Wa 'Y . "

The total power dissipated by the fields from the

oylindriial capacitor is approximately 2 %Wav o Q r o

V2  V2

Q * 2u-- f(HeVM) * , (in •oules/second)
A

where Vo is the peak voltsge and R the effective

resistance. Then it follows that

2
R m ljv-y (S em) -(

Bquation (44) determines the effective resistance of the

medium In which the capacitor in Immersed. No information

results from this nothodcabout the capacitive portion of

the impedance.

It is obvious that the procedure just outlined

is far from an ideal treatment of the problem. The greatest

difficulty being that the answers obtained are extremely

sensitive to the method used in evaluating the effects

of the electric field near the cylinder. The two di-

mensional field solution yields only the grosser features

of the electric field surrounding the capacitors since

the cylindrical rotation of this field does not represent



the trus three dimensional electric field. The information

that it does contain, namely the qualitative behavior of

the losses due to hoat dissipation, is useful.

k.6 APPLICATION OF THE DEFINITION OF CAPACITAINC

A better approach# for the computation of the

impedance characteristics of the capaoitor, is to return

to the basic definition of capacitance in any medium.

In a strict operational sense this definition is

V'

where q a the charge on the plates of the capacitor in

soulembs, and V - the potential difference between the

plates in volts. The definition can be written in a

more useful form by expressing q and V in terms of

integrals of the field quantities.

f D.n dS ()

where n - the unit normal to the surface of the

capacitor,

dS a a surface element on the capacitor plates,

and L w a path along which X is integrated between

the plates.

Equation (45) becomes
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0 " D.n da

Howeverf� n• • where 1e is the electric field at the

surface of the capacitor. Then

. 1 fDels

o 0 ~ fd (146)
o .- i7ss

C - ¶f isJ z 1.a[. dS *(147)

By an analysis similar to that for equation (33), we have

o -/.f1J [IT + (K -. KT) Coo2(aH,)] dS 3 (48)

The definitions of the quantities KT and I are the same

as in equation (33).

If the sane capacitor is evaluated in free
space, then its capacitance will be

a i olI dS * (49)

Since neither I nor rT varies over the dimensions of

the rocket,

IT " I'T fil 0o0 2(3,Hd,) (so)
S060 f 13d3
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Zt the nose of the rocket is Blenders that Is# if its apez

angle In small# then by using the angular symmetry of the

roeket, equation (50) becomes

T 0 + 0

where

I(NDH)uiex I

<0082(g,3> N 2 f-os2(IDI) d(B,.) . (52)

When the electron density is vanishingly small#

sad the collision trequessy to very bihi, IT+ a"d.

approach so 0 , or 0/0 approaohes 1.

The first term in equation (51) displays the

isotropic portion of the capacitor's characteristics,

while the second term gives the orientation sensitive

behavior. The quantity <0082(1,,)> is readily de-

termined from a knowledge of the launch angle and tele-

metered aspect data for every point during the rooket's

flight. The earth's magnetic field is assumed to make

a constant angle with some arbitrary fixed reference

throughout the flight.

It is clear that the evaluation of equation

(52) can easily be made for many different geometries

in closed form. In addition, an evaluation of equation
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(50) may be *ade on a digital computer with great aoeuraoy

and somparItive ease. This is certainly not the sa&e with

equation (k) )

4.? UQUVVALENT CIROUIT RIMP3SNTATION

If both the developments presented here are

to be considered valid, then they must show the same

qualitative behavior as a function of the Ionospheric

parameters* A numerical comparison of the two developments

appears in the next section.

Th6 quantities calculated must now be spe-

cifically identified. This will be done with the aid

of a schematic circuit representation of the actual

physioal situ4iem.

As was stated befores the capacitance and the

conductance oalculated in equations (20) and (21) relate

to the fluctuations of the ion sheath surrounding the

vehicle. This may be represented by a capacitor shunted

by a resistor between the surface of the cylinder and the

sheath edge for each half. The capacitance calou3atod in

equation (51) is a'complez number which contains both

resistive and reactive terms. Writing /0 0 in its real

and imaginary parts, we have

0 SA0 (a + ib) ,
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the quantitlie, a and b are defined in terns of the real

and inaginary parts of 1p and K? ( written oe(K,). a*(&t).

im(K P)8 and !N(KT) )o

S,(KP) go " z

Iu(Kp) - - -ZI1+ Z(• 2-)

1 +*z

Te(KT) -2 + z 2- .1) 2 + 4zz

I(K) n(z 2 t 2  Z2 + 1)
T* -, -_ z7

then for the l.npedanea Z 3 of this eomplex elemant, we have

z . " - b , - a

0~~2 b) moa2 )

Identifying the real and imaginary parts as the aeries

resistive R a and reactive X 0 parts respectively, yields

-b

Re 0

me 0 •C(a + b)

X8I a -a Ico a(a + b )

Re and X nay be convertd into thea r equivalent parallel



oirovit omponontso Rp and XP respectively# by

~21P (53)

R2 + X2..XP a
•*Kp U 5 s' ,,()

Noting that the conductance 0 in equation (21) is just

the reciprocal of the resistance# we may nov couplete the

identification of the resistive and reactive components.

Labeling the capacitance derived in equation (20) as C2

and the resistance from equation (21) as R2. the quantities

RpR XpO RV and 02 may be combined into a single capacitor

0 " and a single resistor %,1p shunting the osoillatero.

The total impedance of the resulting oireuit will be the

value actually measured by an Impedance bridge contained

within the rocket. The reduction of the physical circuit

to one which contains only one reactive element and one

resistive element in parallel with it is quite standard.

Nach half of the rocket capacitor interacts

with the sheath to produce a capacitance 02 and a

resistanop R2. These four components can be reduced to

their series equivalents R2s and X2.,

2R2
2s " I + 02O2R7
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1* 02 12

Changing 12s and X2s into two parallel Components RP2

and Zp2 by

2R2 *.÷ z2 e

Rp2 - 2

and ap2 * 2 28

Combining Rp 2 and 1P2 with Rp and Xp we obtain the

expressions for RPT and IPT These are

11T - ., (5,•)
,X aRP 4RP2 (5

Xp + X P2

Equations (55) and (56) are the relation

between the measured impedance and the electron density.



5. NIMMICAL EVALUATION OF THE THEORETICAL RESULTS

Equations (44). (55), and (56) were nuerioally

evaluated with the aid of an I. B. M. computer. The data

for the electron density, temperature, and collision

frequency were obtained from ionospheric models as incorpo-

rated into CIRA 1961. An experimental determination of

the rocket's velocity made from similar rockets during

toot flights yielded the approximate result

3.35 x 106 - 16.85 x 10 h h

for altitudes greater than 40 km. The altitude h is in

kilometers and the velocity v in meters per second. The

rocket launch angle was taken at 850 with respect to the

horisontal, and the angle (u,a) between the rocket axis

and its velocity vector for every point of its trajectory

is approximately given by

(us) - tan-1 10.5 - tan'l(-2.5 x lO- d 10o5)p

where d a 4*2 x 104 ( 1 ± 088 - 146 x l0" h

The data for the magnetic field strength,

56.07 x 10 webors per square motors and angle with

respect to the horizontal, 580, were used as approximate

figures for what might be encountered at the launch site.

The oscillator frequencies were taken to be 1.0 x lO and

5.12 x lO cycles per second to correspond to the planned

rocket flight.

The results of these computations are shown in
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the accompanying graphs. Figure 6 displays the ionospheric

models used. Figure 7 shows the resistive component of

the couplex impedance an a function of altitude, and

similarly Figure 8 for the reactive component. The values

given in Figures 7 and 8 neglect the resistive and reactive

contributions from the inside of the rocket. Thus, to

actually interpret experimental results the data must be

adjusted to account for the internal contributions. Since

the interior of the rocket is sealed from the effects of

the ionosphere, the adjustment to the data should be a

constant throughout the flight.

Figure 9 is a plot of the resistive component

obtained in equation (44) and the resistive component

obtained from equation (53). Since these are supposed

te represent the same circuit element, at least quali-

tatively, they have been plotted together for purposes

of comparison.

The left hand ordinates of Figure 7 to Figure 11

are multiplied by the capacitance C. measured in free space,

while the right hand ordinates give the resistance and

reactance for CG a 1.0 x 10-11 farads, The value of 0O

selected is representative for this type of experiment.

The application of magnetoionic theory alone,

as developed in section 4.• leads to probe impedance

curves whose general form is not altered over a wide range

of oscillator frequencies below 2 see The frequency 2 mc
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was an arbitrary computational limit. The general form

of the reactance curves for the above frequency range

is that shown in Figure 8 for f w 1.0 x05 pe.p., The

resistance curves follow the form of the curves in

Figure 7. The smooth transition between curves of differ-

ent frequencies is the notable result for the magnotoionio

calculation.

The addition of the effects of the ion and

electron currents flowing to the rocket from the iono-

sphere, developed in sections 400 to 4.3, alters the

impedance characteristics considerably. Now the shape

of the reactance curves shows a marked frequency de-

pendence. At frequencies lose than 2.5 x 105 cps the

reactance undergoes a change from negative capacitive

values to positive inductive values in the vicinity of

100 km. This change moves towards higher altitudes as

the frequency increases. For the frequency range 2.5 x 105

cps to 2.95 x 105 cps, a second change back to negative

reactance occurs. Above 2.95 x 105 cps there are no sign

changes in the reactance until 2 mc where the reactance

undergoes two sign changes again. The computations were

carried out in the range 55 km to 130 km because above

130 km there is a lack of meaningful collision frequency

and temperature data. The curves showing this frequency

dependence are in Figure 10. Four representative curves

showing the corresponding resistive component are in
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Figure 11.

These results show the strong effect of the

sheath on the impedance characteristics. In the lover

portion of the altitude range considered, the contributions

of the sheath are only a small portion of the total

impedance. However, at altitudes higher than approximately

90 km the sheath effect contribute quite strongly. The

second change in sign of the reactance is directly attribut-

able to the sheath. Thus, neglecting the sheath contri-

bution or the magnetoionic contribution would lead to

serious error in the altitude range considered.

The theory developed will allow data for the

measured valso of the probe impedanoo to be "&Ood to

electron density as a function of altitude. This is

most easily done by computing an entire family of impedance

characteristic curves and then obtaining the best fit to

the raw data by inspection, or by the use of a suitable

numerical smoothing technique.
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6. O0OLUIZOI

A relationship between the measured 1ipedance

of a low frequency RY rocket probe, Immersed in the

Ionosphere, and the electron density has been developed.

This relationship will enable data, telemetered-from

the rocket to the ground, to be reduced into an electron

density profile for the altitude range of 55 km to 130 km.

The problem was separated into two main sections.

First, the formation of an ion sheath about the rocket

probe was investigated so as to be able to determine its

effects on the impedance of the probe. The main features

of the sheath were determined by calculating the ion and

electron O6rrente from the ionosphere to the rooket probe,

and requiring that they be equal at equilibrium. In

order to apply the results, the oscillator frequency

must be low enough so that is able to respond fully to

the voltage changes. Second, a magnetoionic description

of the ionosphere was developed to determine an effective-

dielectric constant to be applied to the capacitor. This

description accounted for the oscillations of the electrons

between the two halves' of the capacitor. Since collisions

were included in the description, a resistive and reactive

contribution was found to result from the electron

oscillations.

A schematic description of the electrical
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properties of the Ionosphere, as seen by an impedance

bridge carried by the rocket, was developed. A single

resistive and reactive element, each in parallel ,with

the oscillator, was derived from the detailed schematic

circuit* It is through these two elements that the

contributions of the sheoih ind the electron oscillations

were combined* The final result constitutes a relation-

ship between the measured impedance and the electron

density.

A model ionosphere was described and used to

determine a set of resistance and reactance curves for

a theoretical model of the rocket probe. These curves

clearly indicate that the sheath effects and the

magnetoionic effect* were both important throughout tOs

altitude range of interest. Above approximately 90 kin

the contributions of the sheath to the total reactance

actually dominate to produce a double change in sign

for certain frequencies, and no change in sign for other

frequencies. Alone, magnetoionic theory produces only

a-single change in sign in the reactance as a function

of altitude.

There are obviously some drawbacks to this type

of experiment. In order to calculate the impodance

characteristics, it was adsumed that a detailed model of

the collision frequency, temperature, and ion mass is

known accurately as a function of altitude. In general,
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this is not the case* Therefore, such data must be

obtained from a suitable ezperiment flown simultaneously

with the capacitor rocket probe, or from theoretical

models of the ionosphere.

6.1 SUOGNSTIONS FOR FURTHER R383ARCH

Some refinements in the theory suggest themselves

immediately. The sheath model should be obtained from a

solution of Poisson's equation in which the charge

distribution is a derived function rather than a specified

one. The Maxwellian velocity distribution should be

modified to account for both the presence of a solid

boundary, and for the possibility of two different

teperaturee tor iose and electrons. fortunately, the

temperature always enters in an insensitive way, so that

errors introduced by an imprecise knowledge of the temper-

ature at the time of the flight should be small. Finally,

the cylinder used is an extreme idealisation of tbe nonical

rocket. This might be improved upon by employing a split

prolate spheroid instead.
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